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111���!!! ÄÄÄ���½½½ÂÂÂ

½Â 5.1.1

� {Xn, n ≥ 1} �ÕáÓ©Ù��K�ÅCþS�, ½Â

S0 ≡ 0, Sn :=
n

∑
i=1

Xi , (n ≥ 1),

N(t) := sup{n : Sn ≤ t}
(
=

∞

∑
n=1

1{Sn≤t}

)
: (0, t] ��#gê.

K¡ {N(t), t ≥ 0} ��#L§.

Xn : 1 n− 1 �¯��1 n �¯���mm�,

Sn : 1 n �¯�����m.
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~ 5.1.1 (�#Åì"�¯K)
,Åìþk��"�´´�����§��Ò�êþ�#.
� {Xn} �1 n �"��Æ·, Kéu t ≥ 0,

N(t) = sup{n > 0 : Sn ≤ t}

��� t �����"�ê.
dOêL§ {N(t), t ≥ 0} =���#L§.
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b�:

� Xn �Ó�©Ù¼ê� F ÷v:

F (0) = P(Xn = 0) < 1.

d�,
0 < µ ≡ EXn ≤ ∞.

5. XJ X1 Ñlëê� λ ��ê©Ù, K {N(t), t ≥ 0} ´�Ç� λ � Poisson L§.
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5º.

1 dr�êÆ��: � n ¿©��,

Sn
n
→ µ a.s.

¤±d µ > 0, � n ¿©��, Sn
a.s.−→∞.

2 3k���mS, N(t) �k��, �Ò´`, �õ�kk�
� n �¦� Sn ≤ t: é ∀t > 0,

N(t) = max{n > 0 : Sn ≤ t} < ∞

3 �#L§´{üOêL§

(Ó����õ�u)��5�)�¿�^�´ F (0) = 0.

School of Mathematics, SHUFE �#½n



Ä�½Â
N(t) �©Ù��#¼ê

4�½n�Ê�

N(t) �©Ù
�#¼ê

111���!!! N(t) ���©©©ÙÙÙ������###¼¼¼êêê

� Xn �Ó�©Ù¼ê� F , Fn � F � n ­òÈ.

(N �nØ©Ù)

é?¿ t ≥ 0,

P(N(t) = n) = Fn(t)− Fn+1(t), n ≥ 1.

y.

P(N(t) = n) = P(Sn ≤ t < Sn+1)

= P(Sn ≤ t)−P(Sn+1 ≤ t)

= Fn(t)− Fn+1(t).
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¡ m(t) := EN(t) ��#L§ N ��#¼ê.

·K 5.2.1

é?¿ t ≥ 0,

m(t) =
∞

∑
n=1

Fn(t) < ∞.

y. 1�Ü©:

E[N(t)] = E[∑
n≥1

1{Sn≤t}]

= ∑
n≥1

P(Sn ≤ t)

=
∞

∑
n=1

Fn(t).
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y. 1�Ü©: d

P(Xn = 0) < 1⇒ P(Xn > 0) = 1−P(Xn = 0) > 0,

�3 α > 0 ¦� P(Xn ≥ α) > 0. ½ÂL§ {X n, n ≥ 1}:

X n =

{
0, Xn < α,
α, Xn ≥ α.

-
N(t) := sup

n
{X 1 + · · ·X n ≤ t},

K
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{N(t), t ≥ 0} ´�3 t = nα ��u)�#��#gê,

zg�#þ�Õá�ëê� P(Xn ≥ α) �AÛ©Ù�ÅCþ.
l
|^ Pascal ©Ù(½Â�e�)�5�,

E[N(t)] =
[ tα ]

P(Xn ≥ α)
≤

( tα + 1)

P(Xn ≥ α)
< ∞.


 X n ≤ Xn, �k

N(t) ≤ N(t), ∀t ≥ 0.

• ¢S�y²,

é?¿ t ≥ 0, r ≥ 0, E[N(t)r ] < ∞.
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Pascal ©Ù.
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5¿: dêÆ8B{, Fn(t) ≤ (F (t))n.

íØ 5.2.1

é?¿ t ≥ 0, F (t) < 1,

m(t) ≤ F (t)

1− F (t)
.
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111nnn!!! 444���½½½nnn���ÊÊÊ���

�Ä�#L§ {N(t), t ≥ 0}.
N(∞) = limt→∞ N(t) : L«o��#gê. �±y²

P(N(∞) = ∞) = 1.

¯¢þ,

0 ≤P(N(∞) < ∞) = P(∃n,Xn = ∞)

≤
∞

∑
n=1

P(Xn = ∞) = 0.
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¯K: · N(t) ªuÃ¡��Ý´õ�?
· N(t) �ìC1�kÛ(J?

·K 5.3.1

P( lim
t→∞

1

t
N(t) =

1

µ
) = 1.
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y. SN(t) : 3 t �c½ t �����g�#���,
SN(t)+1 : t ����1�g�#���.
=

SN(t) ≤ t < SN(t)+1,

dr�êÆk

SN(t)

N(t)
≤ t

N(t)
<

SN(t)+1

N(t)
=

SN(t)+1

N(t) + 1
· N(t) + 1

N(t)
−→a.s. µ.

�y.

±VÇ 1, ��m��#u)��Ç� 1/µ.

Ï~, ¡ 1/µ ��#L§��Ç/rÝ.
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~ 5.3.1. �²¦^��ü>³ÂÑÅ. ��>³��Ò�ï�!#�
�þ. b�>³Æ·(��)Ñl U(30, 60), ï>³��mÑ
l U(0, 1). ¯�²��>³�²þ�Ç´õ�? ¿`²nØ
�â.

). zg���!#>³¡��g�#. K

µ = EU1 + EU2 = 45+ 0.5 = 91/2,

Ù¥ U1 ∼ U(30, 60),U2 ∼ U(0, 1),
¤±l��5w, �²±�Ç 2/91 ��#>³,
=²þz91���ü!>³. ]
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~ 5.3.2 b�d3��U�Ç� λ � Poisson L§5��k��ÑÖ
I��Õ1. ,
b�d3����ÑÖI�k��â?\
Õ1, =XJ3Õ1¥®²k����, @o�5ö¿Ø?
\Õ1
´=�lm. XJ·�b½?\Õ1���3Õ1
Ê3��m´��äk©Ù G ��ÅCþ, @o
(1) ��?\Õ1��Ç´õ�?
(2) d3���(¢?\Õ1�'~´õ�?
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). (1) ?\����m�m��m�þ�´

µ = µG +
1

λ
,

¤±?\Õ1�����Ç´

1

µ
=

λ

1+ λµG
.

(2) dd3���±�Ç λ ��⇒?\Õ1���'~´

λ/(1+ λµG )

λ
=

1

1+ λµG
.

]
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e¡�ïÄ m(t) 9

m(t)

t
= E[

N(t)

t
] : �#�²þ�Ý

�ìC5�, kÚ\Ê��Vg.

½Â 5.3.1: (lÑ.�Ê�)

� N ��K�ê��ÅCþ, X1,X2, · · · �?¿�ÅCþS�,
eé?¿ n = 1, 2, · · · ,

{N = n}'u σ(X1,X2, · · · ,Xn) �ÿ,

K¡ N �'u {Xn} �Ê�/Markov �m.

School of Mathematics, SHUFE �#½n



Ä�½Â
N(t) �©Ù��#¼ê

4�½n�Ê�

4�½n
Ê�
Ä��#½n

�`Ê�nØ´VÇØ�#©|, Ê��^5Ïé�`Ê�üÑ.

~ 5.3.4 (a) b� X1,X2, · · · i.i.d.:

P(Xn = 0) = P(Xn = 1) =
1

2
.

N := min{n : X1 + · · ·+ Xn = 10} ´Ê�.
(b) b� X1,X2, · · · i.i.d.:

P(Xn = −1) = P(Xn = 1) =
1

2
.

N := min{n : X1 + · · ·+ Xn = 1} ��Ê�. ]
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½n 5.3.1: (Wald �ª)

� {Xn, n ≥ 1} �ÕáÓ©Ù��È�ÅCþS�,
N �'u {Xn, n ≥ 1} �Ê�� EN < ∞, K

E
N

∑
n=1

Xn = EN ·EX1.
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y. Ï�
N

∑
n=1

Xn =
∞

∑
n=1

Xn · 1{N≥n}, d Lebesgue ��Âñ½n,

E[
N

∑
n=1

Xn] =
∞

∑
n=1

E[Xn1{N≥n}].

Ï� Xn � {N ≥ n} Õá, ¯¢þ,

{N ≥ n} = {N < n}c = ({N = 1} ∪ · · · ∪ {N = n− 1})c .

¤±

E[
N

∑
n=1

Xn] =
∞

∑
n=1

E[Xn]E[1{N≥n}]

= EX1

∞

∑
n=1

P(N ≥ n) = EN ·EX1.
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~ 5.3.4 (Y):

(a) b� X1,X2, · · · i.i.d.: P(Xn = 0) = P(Xn = 1) = 1
2 .

éuÊ� N := min{n : X1 + · · ·+ Xn = 10},

10 = E[
N

∑
1

Xi ] =
1

2
E[N ]⇒ E[N ] = 20.

(b) b� X1,X2, · · · i.i.d.: P(Xn = −1) = P(Xn = 1) = 1
2 .

éuÊ� N := min{n : X1 + · · ·+ Xn = 1},

1 = E[
N

∑
i=1

Xi ] 6= E[X1]E[N ] = 0.

¢Sþ, ùp� N ÙÏ" E[N ] = ∞. ]
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� {Xn, n ≥ 1} : �#L§ {N(t), t ≥ 0} �5�m�S�.
d Wald �ª, kXeíØ.

íØ 5.3.1

e µ = EX1 < ∞, K

E[
N(t)+1

∑
n=1

Xn] = EX ·E[N(t) + 1] = µ(m(t) + 1).
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y. �Iy N(t) + 1 ´'uS� {Xt} �Ê�=�.
¯¢þ, N(t) + 1 = n �du

X1 + · · ·+ Xn−1 ≤ t � X1 + · · ·+ Xn > t.

¤±, {N(t) + 1 = n} ��6u X1, · · · ,Xn 
�
Xn+1,Xn+2, · · · Ã'.
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e¡�(J`², ²þ�#ªÇª�u²þ�#±Ï��ê,
{ü/`, ªÇ´±Ï��ê.

½n 5.3.2: (Ä��#½n)

lim
t→∞

1

t
m(t) =

1

µ
(�

1

∞
= 0).

y². ♦ k�Ä µ < ∞ �|Ü.
du SN(t)+1 > t, dþãíØk µ(m(t) + 1) > t,

lim inf
t→∞

1

t
m(t) ≥ 1

µ
.
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,��¡, �½~ê M, ½Â”���#L§” {X n, n ≥ 1}:

X n :=
{

Xn, Xn ≤ M,
M, Xn > M.

-

Sn :=
n

∑
i=1

Xi , N(t) := sup{n : Sn ≤ t},

5¿�, SN(t)+1 ≤ t +M, dþãíØ, k

(m(t) + 1)µ ≤ t +M,

Ù¥ µ := E[X n]. ¤±

lim sup
t→∞

1

t
m(t) ≤ 1

µ
.
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Sn ≤ Sn ⇒ N(t) ≥ N(t)

� m(t) ≥ m(t). ¤±

lim sup
t→∞

1

t
m(t) ≤ 1

µ
.

- M → ∞, K

lim sup
t→∞

1

t
m(t) ≤ 1

µ
.
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♦ � µ = ∞ �, E�Ä N(t). Ï�

M → ∞�, µ→ ∞,

¤±

lim sup
t→∞

1

t
m(t) ≤ 0, = lim sup

t→∞

1

t
m(t) = 0.

·�k

lim
t→∞

1

t
m(t) = 0.
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~ 5.3.5 � U � (0, 1) þþ!©Ù�ÅCþ, é n = 1, 2, · · · ½Â

Yn :=
{

0, U > 1
n ,

n, U ≤ 1
n ,

K P(Yn → 0, � n→ ∞ �) = 1, �

EYn = nP(U ≤ 1

n
) = 1 6= 0.

]
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5º

éuê¼ó {Xn, n ≥ 0}, XJ i , j ∈ E �Ï�~��, K

lim
n

1

n

n

∑
k=1

P
(k)
ij =

1

E[τj ]
.

�

Nn :=
n

∑
k=1

1{Xk=j} : n ���c�¯ j �gê.

Ä��#½n

lim
n

1

n

n

∑
k=1

P
(k)
ij = lim

n

Ei [Nn]

n
=

1

Ej [τj ]
.
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